When D is a regular subring of A such that the inclusion map is finite, D is called a Noether normalization of A . We will prove the existence of Noether normalizations of A , when A is a local ring of a one-dimensional algebraic variety. Furthermore we will give a criterion for the existence and interesting examples.
Introduction
Consider the following problem.
Problem. Let K be a field and {A, m) a local domain essentially of finite type over K . Then, does there exist a regular subring D of A such that the inclusion map D L-+ A is a finite morphism?
If such D exists, it is called a Noether normalization of A .
It is well known that affine domains or complete local domains have Noether normalizations. So it seems to be natural to ask whether local rings of algebraic varieties have Noether normalizations or not.
In the next section we will prove that there exists a Noether normalization if the given ring A has dimension 1. Furthermore, in §3 some sufficient conditions for the existence of Noether normalizations will be given. The final section is devoted to some examples.
The author does not know whether local rings of algebraic varieties always have Noether normalizations or not.
The case of dimension 1
Throughout this paper, K denotes a field and {A, m) a local domain essentially of finite type over K, i.e., a localization of an affine domain over K . may assume that the residue class field A/m is a finite algebraic extension over K and A is a local ring of a hypersurface.
If {A, m) has a Noether normalization D, D must be a regular local ring and have the same dimension as A .
Next the existence of Noether normalization will be proved in the case of dim A = 1.
Theorem 2.3. Let A be a local domain of a closed point of a one-dimensional algebraic variety over K. Then A has a Noether normalization.
Proof. Let X be a one-dimensional projective variety over K and x G X a closed point such that &Xtx = A . When we set n: X ^ X as the normalization, X is a regular projective variety over K. Put n~x{x) = {y\ , ... , y¡} and 
The case of dimension > 2
This section is devoted to proving the following theorem.
Theorem 3.1. Let X bean n-dimensional projective variety over a field K and x £ X a closed point of X. Then the following are equivalent.
(1) There exists a system of parameters t\, ... , t" of cfx,x such that the inclusion map K[h,...,t"\tl>.">tn)^cfx,x is finite.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use and P2~l{{0, ... , 0)) n V = {y}, where A" denotes the n-dimensional affine space over K, p\ : X x A" -► X is the first projection, and p2 : X x A" -> A" is the second one, respectively. Furthermore if X is a rational surface over K -Q, i.e., the algebraic closure of the rational number field Q, the following is equivalent to the conditions as above.
(4) <fx^x has a Noether normalization. Proof. At first we will prove (1) o (2). That (1) implies (2) Put V° = Spec(^[xi, ... , x"]/(xi -f{t\), ... , x"-f{t"))). Then it is obvious that Va is an «-dimensional closed subvariety of Spec(v4) x A" . Suppose that V is the closure (with respect to the Zariski topology) of Vo in X x A" . Setting y = (m, Xi , ... , x") £ Vo , it is easy to see that cfx<x-*&y,v and Pi{y) = (0, ... , 0). Since the composite map V^X xAn -^A" is proper and ¿f(U),a» -» @y, v is finite, we get p2 '((0, ... , 0)) n V = {y}. To prove (4) => {1 ) in the case where X is a rational surface over K = Q, it is enough to show the following three lemmas. Lemma 3.2. Let {A, m) be a local domain essentially of finite type over a field K which is an algebraic extension {may be infinite) over the rationals Q. ,4s-sume that there exists a Noether normalization D of A . Then A has a Noether normalization D' containing K. Lemma 3.3. Let A be a localization at a maximal ideal of an affine domain over a field K of characteristic zero. Assume that A has a Noether normalization {D, n) containing K. Then D is essentially of finite type over K.
In particular, D itself is a localization at a maximal ideal of an affine domain over K . Proof of Lemma 3.4. It is easy to see that we may assume that D is a localization at a maximal ideal of a two-dimensional affine domain over K . Then Q{D) is a purely transcendental extension over K by the Zariski-Castelnuovo theorem [4] . Let X be a two-dimensional smooth rational projective variety over K and x a closed point such that cfxx = D. Suppose n : X -► X' is a birational morphism and X' is a relatively minimal model in the category of the rational surfaces over K. Put 1t{x) = y. It is known that tfy,x' is Ä"-isomorphic to K[x, y\x,y) (see [1, 2] ). Since n can be factored into a finite sequence of blow-ups along one point, D itself is AT-isomorphic to K[x ,y](X,y) ■ We have completed the proof of Theorem 3.1. Q.E.D.
Some examples
In this section we give some interesting examples. We will omit detailed calculations. 
